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The The GRGR modelmodel
OO ff thth ii h thh th hh t t dt t d ldldOneOne ofof thethe mainmain hypotheseshypotheses whenwhen wewe constructedconstructed anan oldold
versionversion ofof ourour modelmodel (rotation(rotation model),model), waswas thatthat thethe line’sline’s
widthwidth isis onlyonly aa rotationalrotational effecteffect andand wewe consideredconsideredwidthwidth isis onlyonly aa rotationalrotational effecteffect andand wewe consideredconsidered
sphericalspherical symmetrysymmetry forfor thethe independentindependent densitydensity regionsregions..
InIn aa newnew approachapproach ofof thethe problemproblem wewe alsoalso considerconsider thetheInIn aa newnew approachapproach ofof thethe problemproblem wewe alsoalso considerconsider thethe
randomrandom velocitiesvelocities inin thethe calculationcalculation ofof thethe distributiondistribution
functionfunction LL thatthat wewe cancan detectdetect inin thethe lineline functionfunctionfunctionfunction LL thatthat wewe cancan detectdetect inin thethe lineline functionfunction..
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ThisThis newnew LL isis aa synthesissynthesis ofof thethe rotationalrotational distributiondistribution LrLr
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thatthat wewe hadhad presentedpresented inin thethe oldold rotationalrotational modelmodel andand aa
GaussianGaussian thatthat wellwell definesdefines thethe randomrandom velocitiesvelocities.. ThisThis

th tth t thth LL hh tt li itli it thth fi tfi t iimeansmeans thatthat thethe newnew LL hashas twotwo limits,limits, thethe firstfirst oneone givesgives usus
aa GaussianGaussian andand thethe otherother thethe oldold rotationrotation distributiondistribution LrLr..



The new calculation 
of the distribution functions L

Let us consider a spherical shell and a point Ai in its equator. 
If th l b t l th fIf the laboratory wavelength of a 

spectral line that arises from 
A i λ th b d l th ill b λ λ +∆λ

V

Ai is λlab, the observed wavelength will be λ0=λlab+∆λrad

Ai (λlab)
V d

V

φ
Vrad

φ

equator Danezis, E., Lyratzi, E., Nikolaidis, D., Antoniou, A.,
Popović, L. Č. & Dimitrijević, M. S., 2007 PASJ, 59, 4



The calculation of the distribution functions L
If the spherical density region rotates, we will observe a displacement
∆λrot and the new wavelength of the center of the line λi

is: whereroti λλλ ∆±= 0
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If we consider that the spectral line profile isis aa Gaussian,Gaussian,
then we have:
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where κκ isis thethe meanmean valuevalue ofof thethe distributiondistribution andand inin thetheff
casecase ofof thethe lineline profileprofile itit indicatesindicates thethe centercenter ofof thethe
spectralspectral lineline thatthat arisesarises fromfrom AAii..pp ff ii

This means that:
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For all the semi-equator we haveq
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If we make the transformation ,
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the above function (4) will be transformed and
2σ

the above function (4) will be transformed and
finally we have the function (5) :
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The above integrals have the form of a known integral erf(x)The above integrals have the form of a known integral erf(x)

∫
x

22( ) ∫ −= u duexerf
0

22
π

that has the following propertiesthat has the following properties: : 

1. ( ) ( )xerfxerf −=−

2. ( ) 00 =erf
( ) ( )ff

3. as( ) 1=∞+erf ( ) 1lim =∞+
+∞→

erf
x

( )4.

5

( ) 11 −=−erf

( ) ⎞
⎜
⎛2 753 xxxf5.

6

( )
⎠

⎜⎜
⎝

+
⋅

−
⋅

+
⋅

−= ...
!37!25!13

xxerf
π

( )
⎞

⎜
⎛ ⋅⋅⋅− 531311

2

e x6. ( )
( ) ( ) ⎟

⎠
⎜
⎜
⎝

+−+−−= ...
2

531
2
31

2
111 32222 xxxx

exerf
π



(6)( ) ( ) ( )
⎥
⎤

⎢
⎡ ⎞

⎜
⎛ +−

−⎞⎜
⎛ −−

=
λλλλπλ 11 00 zerfzerfL (6)( ) ⎥

⎦
⎢
⎣ ⎠

⎜
⎝

−
⎠

⎜
⎝

=
σσλ

λ
222 0

erferf
z

L

The distribution function from the semi-spherical region
is:is:
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(Method Simpson)

This LThis Lfinalfinal((λ)λ) is the distribution that replaces the oldis the distribution that replaces the oldThis  LThis  Lfinalfinal((λ)λ) is the distribution that replaces the old is the distribution that replaces the old 
rotational distribution L that rotational distribution L that 

our group proposed some years ago (Danezis et al 2001).our group proposed some years ago (Danezis et al 2001).our group proposed some years ago (Danezis et al 2001).our group proposed some years ago (Danezis et al 2001).



Discussion
In the proposed distribution an important factor

λ zis
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This factor indicates the kind of the distribution that fits
the line profile.

3≅m1. If we have a mixed
distribution. The line broadening is
an effect of two equal reasons:

aa The rotational velocity ofThe rotational velocity ofa.a. The rotational velocity of The rotational velocity of 
the spherical region and the spherical region and 

bb The random velocities of the ionsThe random velocities of the ionsb.b. The random velocities of the ionsThe random velocities of the ions..



500
2.2. If   m If   m ≈≈ 500  500  the line broadening is only an effect of the the line broadening is only an effect of the 

i l l ii l l i d th d l iti ld th d l iti l500≅mrotational velocityrotational velocity and the random velocities are very low. and the random velocities are very low. 
In this case In this case the profile of the line is the same with the profile of the line is the same with 

th fil th t d i th ld t ti d lth fil th t d i th ld t ti d lthe profile that we can produce using the old rotation modelthe profile that we can produce using the old rotation model
(Danezis 2001, 2003). (Danezis 2001, 2003). 

500≅m 500≅m



33 Fi ll ifFi ll if <1<1 th li b d i i lth li b d i i l3.3.Finally, if Finally, if m<1m<1 the line broadening is only an the line broadening is only an 
effect of random velocitieseffect of random velocities

and the line distribution and the line distribution is a Gaussianis a Gaussian. . 



The column densityThe column density

An important point of our study is the calculation of the
l d itl d it f d lf d lcolumn densitycolumn density from our modelfrom our model.

Lets start from the definition of the optical depth: 
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where ττ is the optical depth (no units),
0

kk is the absorption coefficient ( ),gr
cm2

ρρ is the density of the absorbing region ( ),
i th t i l d th ( )

3cm
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ss is the geometrical depth (cm)
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In the model we set , soΩ= Lk ∫ Ω=
s

dsL ρτ

where LL is the distribution function of the absorption coefficient kk
and has no units
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and has no units,
ΩΩ equals 11 and has the units of kk ( )

gr
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We consider that for the moment of the observation and for a
significant ion, kk is constant, so kk (and thus LL and ΩΩ) may come out
of the integral. So:
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Absorption lines

For every one of ξξ along the spectral line (henceforth called ξξii)
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For each of λλii along the spectral line, we extract a σσii from each ξξi. i. 
The program we use calculates the ξξ for the centre of the lineThe program we use calculates the ξξii for the centre of the line. 
This means that from this ξξii we can measure the respective σσii .



If we add the values of all σσii along the spectral line then we 
havehave    

( in )∑= iσσ gr
( in          ),

which is the surfacesurface densitydensity of the absorbing matter, which

∑
i

i
2cm

which is the surfacesurface densitydensity of the absorbing matter, which
creates the spectral line.

If we divide σσ with the atomicatomic weightweight of the ion which creates
the spectral line, we extract the numbernumber densitydensity ofof thethe
absorbers,absorbers, meaning the number of the absorbers per square
centimetre

( (in )).
AW

n σ
= 2−cm



Thi b d i d hh d id i hi hThis number density corresponds to thethe energyenergy densitydensity which
is absorbed by the whole matter which creates the observed

t lspectral
line ( ( in )) and which isis calculatedcalculated byby thethe
modelmodel AW

E
2cm

erg

modelmodel..

It is well known that each absorber absorbs the specific

AW

It is well known, that each absorber absorbs the specific
amount of the energy needed for the transition which creates
the specific line.the specific line.
This means that if wewe dividedivide thethe calculatedcalculated energyenergy densitydensity
( ) withwith thethe energyenergy neededneeded forfor thethe transition,transition, weweE( ) gygy ff ,,

obtainobtain thethe columncolumn densitydensity (in ).
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Emission lines

In the case of the emission lines we have to take into account not

Emission lines

f
only ξe, but also the source function S, as both of these parameters
contribute to the height of the emission lines. So in this case we
hhave:
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ss is the geometrical depth (cm)
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We set Ω= Lk

where LL is the distribution function of the absorption coefficient kk
d h iand has no units,

ΩΩ equals 11 and has the units of kk ( )
gr
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where LLee is the distribution function of the emission coefficient jj
and has no units,

ΩΩee equals 11 and has the units of jj )1(
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As we did before, in the case of the absorption lines, we may 
consider that ΩΩ may come out of the integral.



∫∫∫∫
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As in the model we use the same distribution for the absorption
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As in the model we use the same distribution for the absorption
and for the emission, .LLe =
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ForFor eacheach λλ alongalong thethe spectralspectral lineline wewe extractextract aa σσ fromfrom eacheach SSξξForFor eacheach λλii alongalong thethe spectralspectral line,line, wewe extractextract aa σσii fromfrom eacheach SSξξee..
The program we use calculates the ξξee for the center of the line and
the SS. This means that from this ξξee and SS we can measure thef ξξee
respective σσii..
If we add the values of all σi along the spectral line then we have

(in ),∑=
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which is the surfacesurface densitydensity of the emitting matter, which creates
the spectral line. If we divide σ with the atomic weight of the ionp f g f
which creates the spectral line, we extract thethe numbernumber densitydensity of the
emitters, meaning the number of the emitters per square centimetre

(in ).AW
n σ
= 2−cm



This number densitynumber density corresponds to the energy densityenergy density which is 
emitted by the whole matter which creates the observed spectral 
liline

( (in )) and which is calculated by the modelis calculated by the modelE erg
(               (in                )) and which is calculated by the model.is calculated by the model.

It is well known, that each emitter emits the specific amount of the 

AW 2cm
p f f

energy needed for the transition which creates the specific line. 

Thi h if di id h l l d d i ( )EThis means that if we divide the calculated energy density(          ) 

with the energy needed for the transitionenergy needed for the transition we obtain the columncolumn

AW

with the energy needed for the transitionenergy needed for the transition, we obtain the column column 

densitydensity (in            ).2−cm



The next presentation is about some 
important remarks and applications important remarks and applications 

of GR model 



Thank you very much for your attentionThank you very much for your attention


