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Objective 

– Modeling the line formation including polarization 
    Magnetic field, multilevel-multiline, polarization profile, far wings 
    Solving the coupled statistical equilibrium and radiative transfer equations, for the polarized atom 
 
– Interpreting the Second Solar Spectrum (Stenflo & Keller, 1997) 
   Linear polarization formed by scattering and observed inside the solar limb 
 
 
 
 
 
 
 
 
 
 
 
– 30% of the lines display a M-type polarization profile 
    Belluzzi & Landi Degl’Innocenti, 2009, A&A 495, 577, & Belluzzi’s PhD 

Na I D lines 



Going out of the 2-level approximation 

is solving the system of statistical equilibrium equations (SEE) 

But how taking into account the partial redistribution (PRD) ? 
 
The SEE accounts for 

 – absorption 
 – emission 

But how taking into account 
 – absorption followed by emission ? 
 – how the system may have "memory" ? 

 
Answer:  

 – by going out of the "short-memory" approximation 
 – i.e., by overcoming the Markov approximation 
    (Bommier, 1997, A&A 328, 706 & 726) 

 
This will also help for line profiles in SEE 



The Markov approximation 
or short-memory approximation 

 

Hamiltonian atom+radiation: H = H0 +V

Schrödinger equation in interaction representation: i d
d t
ρ t( ) = V t( ), ρ t( )⎡⎣ ⎤⎦

which can be integrated in: ρ t( ) = ρ 0( ) + 1
i

V t −τ( ), ρ t −τ( )⎡⎣ ⎤⎦dτ
0

t

∫
Markov approximation: ρ t( ) = ρ 0( ) + 1

i
V t −τ( ), ρ t( )⎡⎣ ⎤⎦dτ

0

t

∫

– Physical meaning: ρ does not keep memory of his past history during the process 
 
    Validity: the characteristic ρ evolution time Γ >> the interaction correlation time τc 
    Cohen-Tannoudji (1975): the validity condition is fulfilled for weak radiation field 
     
    Consequence: the ρ finite life-time (inverse of Γ) is not taken into account in the process 
    the line width, or profile, is discarded from the formalism 
    at its place, one has 

e− ω−ω0( )τdτ
0

+∞

∫ = 1
2
δ ω −ω 0( ) + iP ω −ω 0( )

P :  Cauchy Principal Value



Getting out of the Markov approximation 

The Markov approximation intervenes in a perturbation development 

 

Reporting the integral equation in the differential one
d
d t
ρ t( ) = 1

i
V t( ), ρ 0( )⎡⎣ ⎤⎦ −

1
2

V t( ) V t −τ( ), ρ t −τ( )⎡⎣ ⎤⎦⎡⎣ ⎤⎦dτ
0

t

∫
Markov approximation closes the development:
d
d t
ρ t( ) = 1

i
V t( ), ρ 0( )⎡⎣ ⎤⎦ −

1
2

V t( ) V t −τ( ), ρ t( )⎡⎣ ⎤⎦⎡⎣ ⎤⎦dτ
0

t

∫

Getting out of the Markov approximation is pursuing the perturbation development 

 

at order-4:
d
d t
ρ t( ) = 1

4 dτ
0

t

∫ dτ
0

t−τ1

∫ dτ
0

t−τ1−τ 2

∫ V t( ), V t −τ1( ), V t −τ1 −τ 2( ), V t −τ1 −τ 2 −τ 3( ), ρ t −τ1 −τ 2 −τ 3( )⎡⎣ ⎤⎦⎡⎣ ⎤⎦⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

Markov approximation closes again the development
d
d t
ρ t( ) = 1

4 dτ
0

t

∫ dτ
0

t−τ1

∫ dτ
0

t−τ1−τ 2

∫ V t( ), V t −τ1( ), V t −τ1 −τ 2( ), V t −τ1 −τ 2 −τ 3( ), ρ t( )⎡⎣ ⎤⎦⎡⎣ ⎤⎦⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

and so on.

and so on…. ! series development ! what is the limit ? 



Transforming the series development into a summation 

τ
t
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t

b
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emissionabsorption



Transforming the series development into a summation 
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b

a

τ2

t

b
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b
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Order-4: scattering(1)
τ
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Transforming the series development into a summation 

τ
t

b

a

τ2

t

b

a

τ1τ3

Order-2

t

b

a

emissionabsorption

Order-4: scattering(1)
τ

τ2

t

b

a

τ1τ3

(2)

τ2

t

b

a

τ1τ3

(3)

new at order-4 



the new term at order-4 

A new process appears at order-4, which can be represented as: 

b

a

b

a

t t

b

a

b

a

t t

(1) (2)

(3) (4)

�3 �2 �1 �3 �2 �1

�3 �2 �1 �3 �2 �1

The two transition amplitude do not stay at the same time in the upper level b 
 
The b level is « never populated », or « virtual » 
There is no absorption, nor emission 
There is only scattering, with frequency conservation 
This is Rayleigh scattering (can be generalized to Raman scattering) 
This intervenes in the far wings 
 
There is frequency coherence between the « absorbed » and the « emitted » photons, 
Such a coherence which is rendered impossible by the Markov approximation 

a

b



2nd new term at order-4 in the emissivity 

The other new processes broaden the line 
  

new broadening process at order-4: 

b

a

b

a

t t

b

a

b

a

t t

(1) (2)

(3) (4)

�3 �2 �1 �3 �2 �1

�3 �2 �1 �3 �2 �1



Resummation 

The statistical equilibrium equation remains the same as usual, except that 
in place of the δ function, at the profile place, appears a quantity of the generic form   

Perturbation development manually written

ϕ 1− Aba
2
ϕ + Aba

2

22 ϕ 2 − Aba
3

23 ϕ
3 + ...

⎧
⎨
⎩

⎫
⎬
⎭

One sees that it behaves as

ϕ − Aba
2
ϕ⎡

⎣⎢
⎤
⎦⎥

n

n=0

∞

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
which can be resummed in

ϕ

1+ Aba
2
ϕ

which introduces Aba  as a half-half-width in the profile

The resummed theory is non-perturbative 



Visualization of the resummation effect 
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Line profiles 

in the atomic rest frame, Lorentz profile

1
2 Φba ν0 −ν( ) = 1

γ ba − i ω 0 −ω + Δba( )
with

γ ba = γ ba
(c) + 1

2 Γa + Γb( )
and for the collisional part

γ ba
(c) + iΔba = 1− a S a b S b *{ }

AV

and when b = a

γ aa = γ aa
(c) + Γa  and γ aa

(c) = 1− a S a 2{ }
AV

impact approximation (Baranger, 1958, Phys. Rev. 111, 494) 

see also Sahal-Bréchot & Bommier, 9th SCSLSA, 2014, JASR, 54, 1164 

– each Zeeman component is centered at its exact wavelength 
   (half-sum of 2 profiles for Zeeman atomic coherences) 
– the width is assumed to be of same for all Zeeman components 



2nd effect: new term at order-4 in the emissivity 

ε =

order-2 hν
4π

ν 3

ν0
3 NρbbAbaφba ν0 −ν( )

order-4
+ hν

4π
ν 3

ν0
3 NρaaBab dν1J ν1( )∫

1
2
Φba

* ν0 −ν( ) Aba
2

Φaa ν −ν1( )Φba ν0 −ν1( )⎡
⎣⎢

⎤
⎦⎥

Φba ν0 −ν1( ) :  complex profile of half-half-width γ ba

Φaa ν −ν1( ) :  complex profile of half-half-width the lower level a life-time
infinitely sharp lower level a :

1
2
Φba

* ν0 −ν( ) Aba
2

Φa ν −ν1( )Φba ν0 −ν1( )⎡
⎣⎢

⎤
⎦⎥
= Aba

2γ ba

δ ν −ν1( )φba ν0 −ν1( )−φba ν0 −ν( )φba ν0 −ν1( ){ }

The order-4 term in the emissivity: 
 
– its integral over one or the other of the frequencies is zero 
– it redistributes the frequencies inside the emission profile 
– the result is a decoupling between atom and radiation 



2-level atom: Redistribution Function 

 

ΓR :  radiative inverse life-time
Γ I :  inelastic collisions (b↔ a) inverse life-time
ΓE :  elastic collisions (in b) inverse life-time

γ ba =
1
2

ΓR + Γ I + ΓE( )

ε = hν
4π

ν 3

ν0
3 NρaaBab dν1J ν1( )∫

ΓR

ΓR + Γ I + ΓE

δ ν −ν1( )φba ν0 −ν1( ) + ΓR

ΓR + Γ I

ΓE

ΓR + Γ I + ΓE

φba ν0 −ν( )φba ν0 −ν1( )⎧
⎨
⎩

⎫
⎬
⎭

with polarization:

ε = hν
4π

ν 3

ν0
3 NρaaBab dν1∫

d

Ω1

4π∫ wJ 'J
K( )⎡⎣ ⎤⎦

2
PR

K( ) Ω,

Ω1( )⎡⎣ ⎤⎦ijj=0

3

∑
K
∑ Sj ν1,


Ω1( )      Rayleigh phase matrix

ΓR

ΓR + Γ I + ΓE

δ ν −ν1( )φba ν0 −ν1( ) + ΓR

ΓR + Γ I + D
K( )

ΓE − D
K( )

ΓR + Γ I + ΓE

φba ν0 −ν( )φba ν0 −ν1( )⎧
⎨
⎩

⎫
⎬
⎭

Analytical solution of the statistical equilibrium reported in the emissivity 

The collision rates weight the contributions of the different redistribution types 
(coherent or complete) 
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Doppler Redistribution 

 

Atomic velocity: external freedom degree

translational hamiltonian H tr =
!p2

2m
, with eigenstates = plane waves !p

General atomic density matrix element α JM , !p σ (t) ′α ′J ′M , ! ′p
Velocity-changing collisions: negligible in the solar atmosphere ⇒ ! ′p = !p

Then α JM , !p σ (t) ′α ′J ′M , !p = α JM σ (!v,t) ′α ′J ′M
Normalization by the atomic velocity distribution function σ (!v,t) = f (!v)ρ(!v,t)

Doppler effect on frequencies "ν = ν 1−
!
Ω⋅ !v

c
⎛
⎝⎜

⎞
⎠⎟

from Sahal-Bréchot, Bommier & Feautrier, 1998, A&A, 340, 579 

The statistical equilibrium equations (SEE) have to be resolved 
for each velocity class 

New! 



XTAT, a code based on this theory 
for modeling the polarized line formation 

Centered on statistical equilibrium resolution for the multilevel atom 
(iterative method) 

Statistical 
Equilibrium 
Equations 

for the 
Atomic 
Density 
Matrix 

  
 
α J ′J ρM ′M

!v( )

radiative 
transfer 
equation 

radiative 
transfer 
equation 

integrate integrate 

resolve 

coefficients of the radiative transfer equation  
emissivity, absorption & induced emission coeff. 

Stokes parameters of the radiation 

hybrid MPI-OpenMP PARALLELIZED 



Specificities 

• No redistribution functions, 
   replaced by the 2nd term of the emissivity stemmed from the order-4 of the development 
• Radiative transfer integration: short characteristics method 
   thanks to Ibgui et al., 2013, A&A, 549, A126 for a new cubic short characteristics method 
• Numerical integrations (radiation and velocities): Gauss methods 

 – 256 depths 
 – 6 velocity moduli 
 – 2 inclinations 
 – 4 azimuths 

• Initialization: "ultracold" atom or LTE (Boltzmann) 
• Ionization: Saha equilibrium is assumed 
• Solar atmosphere model: Maltby et al. (1986), close to VAL-C 
• Collision rates: 

 – elastic (or quasi-elastic)  
  Kerkeni & Bommier (2002) 
 – inelastic 
  semi-classical perturbation method of Sahal-Brechot (1969) 

• Acceleration (Ng, preconditioning) studied but found inefficient 
• Hybrid MPI-OpenMP parallelized: 16384 threads running simultaneously 
• Machine: IBM Blue Gene/Q (IDRIS, Orsay, France)  

Na +H

Na + e−



Results 



1D Atmosphere model 

we limit the atmosphere model at the basis of the transition region 



Luc Rouppe van der Voort, Michiel van Noort, SST/ITA October 4 2005Luc Rouppe van der Voort, Michiel van Noort, SST/ITA October 4 2005Luc Rouppe van der Voort, Michiel van Noort, SST/ITA October 4 2005

Wednesday, May 19, 2010



1D Atmosphere model 

we limit the atmosphere model at the temperature minimum 



Results 



Net linear polarization peak in the unpolarizable Na I D1 ? 
930 J.O. Stenflo & C.U. Keller: The second solar spectrum. A new window for diagnostics of the Sun

Fig. 2. Examples of signatures of different physical processes that determine the “second solar spectrum” (given as StokesQ/I , i.e., the degree of
linear polarization). While the shape of the polarization curve across the D2 and D1 lines of sodium is mainly governed by quantum-mechanical
interference between the two upper atomic states with quantum numbers J = 3

2 and 1
2 , the polarization components in the wings of the Ba II

line are due to hyperfine structure splitting in the odd isotopes. The central polarization peak of Ba II is due to the even isotopes.

flo 1994), which represents the fraction of scattering processes
that occur as classical dipole scattering. The remaining fraction,
1�W2, corresponds to isotropic, unpolarized scattering. When
in a scattering transition more than one upper level is present
in the excited state, separated for instance by fine-structure or
hyperfine structure splitting, one needs to account for the inter-
ference or coherence in the superposition of the contributions
from these levels. For a system like Na I D1 and D2 with two fine
structure components the situation is analogous to the double-
slit experiment, when each photon has to pass both slits at the
same time. Thus each Na I scattering transition has to go via
both excited states at the same time. It is the interference be-
tween the states that gives the characteristic and at first sight
rather weird polarization signature across the two lines that we
see in the bottom left panel of Fig. 2. This interference leads
to a frequency dependence of the polarizability factor W2, in
contrast to the case of isolated lines.

In the panel to the upper left of Fig. 3 we have calculated,
using our previous theory (Stenflo 1980), the factorW2 as a func-
tion of wavelength for the Na I D1–D2 quantum-mechanical sys-
tem for the case that hyperfine structure is disregarded. The solid
line represents the full solution, while the dashed line is the result
if we omit the interference term between the two fine-structure
components. The solid curve goes asymptotically towards unity
when we move away from the resonant wavelengths, which is
expected since when the fine-structure splitting becomes unim-

portant the system becomes independent of the electron spin.
In the absence of electron spin, scattering for an S ! P ! S
transition behaves like classical dipole scattering. This asymp-
totic behavior is an expression of the principle of spectroscopic
stability, which is only obeyed if all the relevant interference
terms are taken into account.

If there were no other opacity sources on the Sun than the
scattering transition considered, then we would expect the spec-
tral shape of the linear polarization to be approximately pro-
portional to the W2 that has been determined from pure quan-
tum mechanics, except that the polarization scale will depend
on the degree of anisotropy of the radiation field in the solar
atmosphere. Since however the line transition photons are di-
luted by continuum photons, we have to give W2 a wavelength-
dependent weight that represents the ratio between the line opac-
ity and the total opacity. This gives us an “effective” W2, which
can be parametrized as follows (Stenflo 1980, 1996):

W2, eff = W2
'⌫

'⌫ + a
+ b

a

'⌫ + a
. (1)

'⌫ represents the area-normalized line opacity profile, which
may have superposed contributions from the various transitions
that are possible within the considered atomic multiplet, while
a is a constant parameter that represents the relative magnitude
of the continuum opacity, and b is the constant, effective value
of W2 for the continuum.

from Stenflo & Keller, 1997, A&A, 321, 927 
ZIMPOL@McMath telescope, April 1995 

from Bommier & Molodij, 2002, A&A, 381, 241 
THÉMIS telescope, 29 August 2000 

– net linear polarization peak in D1, or not ? 
– D1 is unpolarizable (J=1/2 -> J=1/2) 
– is the net linear polarization peak 
   due to a velocity gradient along the line-of-sight ? 


